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Minimal-Order Experimental Component Mode Synthesis:
New Results and Challenges

K. R Alvin,* L. D. Peterson,1" and K. C. Park*
University of Colorado at Boulder, Boulder, Colorado 80309-0429

An experimental component mode synthesis procedure is presented that consists of an objective substructure-
level modal identification, a minimum-order substructure realization expressed in terms of physical displacement
and residual modal coordinates, and a global synthesis that exploits the physical form of the substructure realiza-
tions. The present experimental procedure is analogous to and approaches in its asymptotic limit to the well-known
Craig-Bampton analytical component mode synthesis but is motivated by the physical form of the minimal-order
mass and stiffness representation. The procedure is illustrated in a step-by-step manner via a numerical example
and then demonstrated by applying it to an experimental component mode synthesis of assembling two truss
structures into a global structure.

Introduction

SYNTHESIS of an assembled structural model from a set
of experimentally constructed substructure models remains a

challenge to the structural dynamist. This is because, despite routine
availability of finite/boundary element methods for discrete mod-
eling of complex structures, significant discrepancies continue to
exist between the discrete model and the laboratory-tested struc-
tural model. Such inadequacy in discrete structural models in cap-
turing relevant dynamic characteristics observed in experiments
can seriously hamper design improvements against vibrations ei-
ther by passive isolation or active vibration control, if one uti-
lizes only the analytical model. Thus, there is an increasing need
for constructing experiment-based structural models, especially for
high-performance and/or high-precision structures and equipment
design.1 Several technical issues, however, need to be resolved be-
fore the structural dynamist can routinely utilize an experimental
component mode synthesis for constructing an assembled structural
model from substructural realization models.

First, ambiguities abound in constructing each substructure model
from test data, among practicing structural dynamists, through se-
lection of an appropriate number of modes and their mode shapes.
For example, correlation or reconciliation of finite element models
to experimental data leads to difficult issues of uniqueness and con-
vergence. Second, mode shapes chosen in each substructures may
not be "in phase" relative to another; more precisely, the generalized
coordinates of each substructure may not be transformed into a com-
mon global physical displacement coordinates. Third, in view of the
present experimental capacity, one can now identify, for most cases,
far more modes than the number of modes that meet orthogonality
requirements given a limited number of sensors. Finally, the pres-
ence of noise and nonproportional damping in the measured data fur-
ther complicate these three issues. It should be noted in passing that
a parallel dilemma exists in analytical component mode synthesis
such as the well-known Craig-Bampton technique.2 For example,
no adequate termination criterion exists for selecting the number of
fixed interface modes without a repetitive convergence evaluation.
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Several investigators have addressed issues pointed out in
the preceding paragraph. Yang and Yeh3 determine a mass and
stiffness realization directly from a transformation of an identified
continuous-time state space model, but this approach requires that
both the number of force inputs and sensor measurements be equal
to the number of identified modes, an impractical restriction. Su and
Juang4 offer a global synthesis that directly utilizes the substructure
realizations in their first-order state space form. The global synthe-
sis, however, is more cumbersome than simple mass and stiffness
assembly and requires force inputs and sensor measurements at all
interface degrees of freedom (i.e., those which must be compati-
ble or in phase during synthesis). Martinez et al.5 utilize a mass
and stiffness representation consisting of the normal identified sub-
structure modes complemented by residual flexibilities. To effect a
global synthesis, the modal coordinates of each substructure are then
transformed to a hybrid coordinate basis consisting of the common
global interface degrees of freedom (DOF) augmented by nonphys-
ical residual coordinates. The advantage of this approach is that it
does not explicitly require force inputs at all interface DOF, although
the accuracy of the residual flexibility terms at the interface are sig-
nificantly affected by number and location of the inputs if they are to
be estimated dynamically. It also allows all identified substructure
modes to enrich the global model.

The objective of this paper is to offer a unified procedure that
specifically addresses the minimal-DOF realization of each sub-
structure in a common global basis, consisting of the static contribu-
tion of the measured substructure modes plus a minimal-order model
enrichment of residual modes which are orthogonal to the static
modes.6 As such, the present procedure provides a mass and stiff-
ness representation of each substructure possessing residual or aug-
mented coordinates with a fixed-interface mode orientation similar
to the Craig-Bampton technique. To this end, the paper is organized
as follows. The first section briefly summarizes the relevant equa-
tions of motion and the determination of normal modes, which are
central to the present procedure. The next section describes step-by-
step the experimental design requirements and analytical synthesis
procedure that results in a global mass and stiffness model of the as-
sembled structural system. This procedure is then illustrated through
a numerical example utilizing two spring-mass components. The ex-
perimental component model synthesis test is then summarized in
terms of the experiment design and the synthesis results. Finally,
concluding remarks are offered and analytical details are provided
in the appendices.

Identification of Normal Modes from Test
System identification for flexible structures generally utilize

frequency-domain transfer function (FRF) estimates over the band-
width of interest for each input-output pairing, obtained through
white-noise input forces, discrete Fourier transform methods, and
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ensemble averaging.7'8 Modal parameters are then obtained either
by curve fitting techniques or from an equivalent system realization
of the data in the time or frequency domain. The eigensystem re-
alization algorithm9 (ERA) is a system realization method in the
time domain that has become popular in recent years, particu-
larly with respect to identification of structural dynamic systems.
ERA will identify a minimum-order discrete-time model to ap-
proximate the discrete system impulse response using numerical
techniques that are robust in the presence of repeated roots and
measurement noise.

Often, the reconstruction of measured response from the time-
domain system realization is too inaccurate for application of phys-
ical transformation and synthesis-based algorithms. One particular
source of inaccuracy is the presence of modes above the test band-
width when acceleration sensors are utilized. This is because the
discrete linear first-order realization theory cannot correctly model
the influence of these modes on inertance data. This can be allevi-
ated through a frequency domain re-estimation of the state space
output coefficient arrays and inclusion of a continuous-time non-
proper term which models the high-frequency mode contribution
within the measurement bandwidth.10

The discrete-time state space portion of the realization can then
be converted to a corresponding set of continuous time equations,
viz.,

x = Ax + Bu
y = Cx + Du (1)

where x is the TV-length dynamic state vector, u is the m-length
force input vector, y is the /-length vector of measured outputs, A is
the N x N state transition matrix, B is the N x m input influence
matrix, C is the / x N output influence matrix, and D is the / x m
input-output feedthrough matrix, respectively. Although Eq. (1) is
strictly a mathematical representation of the characteristic impulse
response functions of the structure, certain physically based struc-
tural synthesis techniques are possible given that the sensor mea-
surements y(t) can be related to physical degrees of freedom in a
structural model.

The modal parameters of second-order dynamics are then ex-
tracted from the state space equations. The associated second-
order equations of motion for structural dynamics are generally
given as

Mq + Dq + Kq = Bu (2)

where M, Z), and K are the mass, damping, and stiffness matri-
ces, respectively, q is a n vector of displacement variables, u is the
m-vector of input forces, and B maps u to the physical degrees of
freedom q. The associated normal modes are defined by the gener-
alized undamped eigenproblem

(3)

(4)

where 3>n are the mass-normalized mode shapes of K and M, £2 is
a diagonal matrix of undamped eigenvalues (which are the squares
of the natural frequencies o)ni), and S is the modal damping matrix.
These real modal parameters of the second-order system can be
related to the complex eigenmodes of Eq. (1) by either rule-of-
thumb approximations or transformation-based procedures.11'12

Minimal-Order Experimental Component
Mode Synthesis

The present unified procedure for experimental component model
synthesis (CMS) is described subsequently. First, the experiment
design requirements will be reviewed. Then, the model identification
and analytical synthesis step will be given in detail.

Experimental Design for Component Model Synthesis
The analytical synthesis of the experimental component realiza-

tions is based on the properties of the mass-normalized normal mode
shapes at the interface DOF and the estimated undamped modal fre-
quencies of each identified component. To this end, the following
are key necessary experiment design requirements for the present
procedure.

1) Component-to-component interfaces on each structure must
be unconstrained, along with all other interfaces not fixed to ground
in the assembled structure. This implies that components which
are only constrained globally through their assembly to other com-
ponents should be tested in a free-free state, or constrained only
through suspension systems which do not interact with the compo-
nent free-free dynamic modes.

2) Sensor measurements are required for all primary interface
degrees of freedom. The sensors must provide either displacement,
velocity, or acceleration output, such that either directly or through
integration they provide a measure of the displacement mode shapes
at the interface. Depending on the interface redundancy, rotational
sensor measurement may or may not be required; often rota-
tional DOF can be estimated from spatial integration using other
sensors.

3) One or more measured force inputs must be used to excite the
disturbable intrinsic component modes. Ideally, these inputs should
be applied on or close to the interfaces, such that all modes ob-
servable from the interface within the measurement bandwidth are
accurately characterized. The use of two or more inputs allows the
discrimination of repeated modes in a structure possessing cyclical
symmetry.

4) Independent collocated displacement-based (i.e., displace-
ment, velocity, or acceleration) sensor measurements must be in line
with the force inputs. These are the so-called driving point measure-
ments that allow the correct physical normalization of the identified
mode shapes. For free components, the mass-normalization of the
rigid-body modes will also require knowledge of the system mass
and moments of inertia.

5) Ideally there will be a high-measurement bandwidth that in-
cludes both the important "global" modes of the component and
localized vibrational modes near the component interfaces.

Before proceeding, we offer the following observations. The
requirements are not unusual and can generally be satisfied by
standard modal testing procedures. The particular need of sens-
ing interfaces, however, should be closely followed. In addition,
the use of numerous inputs is recommended. This is because, al-
though mass-normalized mode shapes allow reconstruction of both
point and transfer flexibility terms, only the modes in the band-
width may be so treated. For modes outside the measurement
bandwidth, only their sum contribution to flexibility can be esti-
mated, and so a greater number of inputs allows for greater ac-
curacy in the determination of flexibility and, thus, component
stiffness.

Component Identification and Global Synthesis
The analytical procedure described herein is a physically mo-

tivated approach utilizing the mass-normalized component modes
and mode shapes and their relationship to the component mass and
stiffness. Our method has a direct analog in the component mode
synthesis of analytical structural models,13 the Craig-Bampton dy-
namic substructuring technique.2 The two approaches are math-
ematically distinct, however, and only correspond exactly in the
limiting case where both use the full set of normal modes which
span the component dynamics. The present experimental method
proceeds as follows.

1) Identification is made of an accurate discrete-time or
continuous-time multiple-input-multiple-output (MIMO) realiza-
tion of the measured component frequency response functions. Each
component test may be individually treated. Algorithms such as
ERA and Polyreference have been found to be effective in obtain-
ing accurate minimal-order system realizations. In addition, some
algorithms allow frequency-domain identification or adjustment of
modal vectors and yield estimates of the residual flexibility of modes
outside the testing bandwidth.10
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Table 1 Comparison of frequencies for
numerical example

Frequency
exact model, Hz

0.2497
0.7431
1.2181
1.6632
2.0673
2.4204
2.7140
2.9408
3.0951
3.1733

Frequency identified/
synthesis, Hz

0.2495
0.7388
1.2220
1.6632
2.0684
2.4209
2.7140
2.9409
3.0951
3.1733

Error, %

-0.10
-0.57

0.32
0.004
0.054
0.019

-0.001
0.003

-0.0003
-0.0004

Assembled
Structure

Substructure 1
constrained

m
Substructure 2

•^AA-*-AAA-«^AA-» unconstrained

Fig. 1 Spring-mass system numerical example.

2) Determination or extraction of the mass-normalized real mode
shapes and undamped natural frequencies and damping ratios is
next. This was discussed in the preceding section, d

3) The so-called minimal-order mass and stiffness realization for
each component is constructed. This realization is of a minimal order
so as to equivalently represent both reduced mass and stiffness14 at
the measured component interface and the complete set of identified
component modes and their mode shapes. The analytical procedure
is detailed in Appendix A of this paper.

4) Global synthesis of the individual minimal-order mass and
stiffness component models into the coupled system by direct
displacement-based matrix assembly (equivalent to finite element
global assembly of substructures) is the last procedure. This step is
detailed in Appendix B of this paper.

In the following section, these procedural steps will be illustrated
through a numerical example of a spring-mass system.

Numerical Example
Figure 1 illustrates a simple 10 DOF mass-spring system which

is partitioned into a constrained and an unconstrained pair of sub-
structures. The discrete impulse response of each substructure is
simulated with 1% noise and identified using efficient system real-
ization techniques.15 Then, using the minimal-order mass and stiff-
ness procedure, each substructure identification yields the desired
Craig-Bampton mass and stiffness matrices. For conservatism, a
number of noise modes (interpreted on the basis of their respec-
tive modal quality indicators) were included in the derivation of
the minimal-order mass and stiffness. This is to ensure that their
inclusion in the case of real data does not significantly degrade
the quality of the global synthesis. Finally, assembling the global
model through the displacement compatibility and equilibrium con-
straints, the global modes were obtained at the physical DOF which
form the union of the measured sensors from the substructure re-
sponses. Computing the modal assurance criteria between the iden-
tified/synthesized mode shapes and the corresponding exact modes,
the modes of the global synthesis model corresponding to the exact
modes of the global system were identified. The results in terms of
error in estimated frequency are shown in Table 1.

Substructure Identification Experimental Testbed
The experimental testbed structure consists of a 2-m 4-bay can-

tilevered truss tower and a 3-bay truss appendage substructure
as shown in Fig. 2. Phase A of the experimental testing charac-
terized the dynamics of the tower substructure (Fig. 3) and the
appendage (Fig. 4). Phase B was then a test of the global structural

Fig. 2 Coupled structure test configuration.

Fig. 3 Cantilever tower substructure.

Fig. 4 Suspended substructure assembly.

configuration, where the appendage is mounted to the structure
through four offset fittings, as illustrated in Fig. 5. Figure 6 shows
the actual laboratory testbed substructures. It should be noted that,
although the testbed and the numerical example both consist of one
constrained and one unconstrained structure, this is coincidental and
not a requirement or limitation of the method.

The testbed configuration has been designed to demonstrate the
basic feasibility of the substructure identification synthesis ap-
proach. As such, issues of dynamic simplicity (e.g., cantilevered
constraint) and complexity (e.g., joint dominated structure with lo-
calized dynamics) must be balanced. Nonetheless, even a struc-
ture with relative dynamic simplicity poses a number of significant
experimental challenges to be overcome in order to effect an accu-
rate model synthesis.

Interface Design and Measurement
Redundant hardware (e.g., joint fittings) at component interfaces

are not easily isolated in substructure identifications. Interfaces
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Table 2 Comparison of phase A tower test to NASTRAN model

Fig. 5 Substructure interface connection.

Fig. 6 Assembled structure during testing.

must, however, remain structurally stable in the substructure con-
figuration. In addition, compatibility requires that interface DOF be
measured directly at the coincident DOF on each substructure. This
is complicated by the use of triaxial sensor blocks, which are offset
from the structural load paths.

Free-Free Substructure Dynamics
Typically, individual substructure dynamics include rigid-body

modes, which are either constrained in test (e.g., Fig. 4), or are not
accurately measurable dynamically if they are unconstrained. How-
ever, substructure model synthesis requires accurate knowledge (in-
cluding mass normalization) of the rigid-body modes. Fortunately,
knowledge of the rigid-body mass properties allows the analytical
synthesis of these modes.

Dynamic Measurement of Interface Stiffness
Both global and local modes contribute to the construction of

interface stiffness, and thus local mode identification accuracy can
become important to the success of substructure identification syn-
thesis. Its importance is relative to the nature of the modes in the
global structure; that is, the lowest modes of the assembled struc-
ture require less knowledge of the local mode contributions of the
substructures. Conversely, the dynamics near the substructure I/F
require more accurate identification of the local substructure dy-
namics in that region.

Driving-Point Normalization of Identified Modes
To effect a truly finite element model-independent synthesis of the

substructure identifications, it is necessary to determine the correct
mass normalization of the identified mode shapes independent of
an assumed analytical mass matrix. This can be accomplished by an
accurate driving-point (i.e., collocated with input force) acceleration
measurement. Figure 7 illustrates the mechanical design employed
in the present testing scenario. A shear accelerometer is mounted in
line with the shaker force applied through a stinger. A structural cage

Mode number

1 (+X - Y bend)
2 (+X + Y bend)
3 (1st torsion)

NASTRAN
frequency,

Hz

12.177
13.080
46.727

Test-
identified
frequency,

Hz

11.529
12.846
47.935

Test-
identified
damping
ratio, %

0.78
0.18
0.09

Truss
'Structure
Interface

Driving Point
Accelerometer

^ Stinger
from
Modal
Excitation

Fig. 7 Driving point measurement setup.

distributes the applied load around the accelerometer, effectively
isolating the device. The force transducer, also mounted in-line,
measures the actual dynamic applied loading, and thus the cage and
stinger stiffness does not affect the measured response functions
from test.

Phase A Test Results
The individual substructure modal tests were performed with

8192 samples per ensemble at a sampling rate of 500 Hz and av-
eraged over 50 trials. For both tests, a single input was applied to
identify the substructural modes. This is in strong contrast to apply-
ing inputs at all interface-compatible DOF, a necessary test crite-
rion for nondisplacement-based synthesis methods.4 The FastERA
algorithm15 was then use to determine a series of state space real-
izations of the measured FRFs which optimally matched the first
40 Markov parameters for particular model orders from 48 to 400
states. For the tower component, a system realization of order 248
was reduced through discarding inaccurate modes to a final order of
112, corresponding to 56 normal modes. For the suspended truss, a
realization of order 328 was reduced to 94 states, corresponding to
47 normal modes. These model choices were arrived at by compro-
mising convergence of the localized modes and divergence of the
global modes (due to pole splitting). The system realizations were
reduced by eliminating real poles and unstable poles and modes
with low-accuracy indicators. The substructure identifications were
finally refined by frequency-domain curve fitting which yields both
the modal vectors and a measure of the residual stiffness of modes
outside the bandwidth.10 Table 2 lists the preliminary analysis and
test results for the 4-bay tower substructure testing. Figures 8 and 9
illustrate typical inertance FRFs measured from the test and the fi-
nal model reconstructions of the response for the tower and 3-bay
components.

Experimental Synthesis and Phase B Test Results
To synthesize the global structural model from the individual

substructure identifications, the minimal-order mass, damping, and
stiffness matrices were determined from the free interface modes
of the substructures. For the suspended 3-bay truss, a mass prop-
erties analysis, corroborated by the measured mass, was used to
compute the six rigid-body modes. For example, the mode shape of
the rigid-body X-translation mode is a unit displacement of all X
DOF divided by the square root of the total mass, and zero elsewhere.
The rotational rigid-body modes require knowledge of the total sub-
structure rotational inertia. Finally, for both structures, eigenvector
transformation matrices (ETM) were computed that reconstruct the
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Fig. 8 Measured FRF and reconstruction for tower.
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Fig. 9 Measured FRF and reconstruction for 3-bay truss.

displacement response of any measured DOF on either substructure
as a function of the physical boundary displacements and general-
ized fixed interface modal displacements. Through the ETMs, mode
responses on the global structure can be predicted anywhere sub-
structure sensors were located.

Table 3 compares the lowest four modes of the CMS-synthesized
model with an identification of the phase B (global structure) modal
test. Table 3 also lists the damping ratios as identified from the test
and synthesized from the substructure tests. Note that the experimen-
tal CMS procedure can also be applied to the component damping
matrices. Figure 10 illustrates the measured driving point inertance
and final identified model reconstruction for the global coupled
structure. To compare the relative similarity of the synthesized mode

shapes to the phase B test-identified modes, the modal assurance cri-
teria (MAC) is computed as

MACy = (5)

where </>/ and </>j are mode shapes obtained from the experimental
component mode synthesis analysis and the identification of the
assembled structure, respectively.

Figure 11 illustrates a contour plot of the modal assurance cri-
teria between the lowest 10 modes of the synthesis model and
the test-identified modes. As can be seen, only the lowest three
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Fig. 10 Measured FRF and identification for global structure.

8 _
Synthesis Mode

Test Mode
Fig. 11 Comparison of modal assurance criterion array.

Table 3 Comparison of substructure identification and
CMS method to phase B test

Mode
number

1

2

3

4

Substructure
CMS

synthesized, (%)
11.221
(0.759)
12.566
(0.176)
36.207
(0.062)
56.899
(0.082)

Test identified,
(%)

11.273
(0.576)
12.485
(0.185)
33.400
(0.195)
63.985
(0.170)

MAC

0.980

0.981

0.986

0.571

"global" modes were successfully synthesized by the substruc-
ture CMS method as indicated by correlation between the mode
shapes. Figure 12 compares the singular values at each frequency
of the multiple output set of inertance FRFs. Note that although
the numerous local modes were not effectively reconstructed by
the substructure CMS method, the mean response behavior of the
system was effectively obtained. Note also that another global

mode response at around 113 Hz, the second bending of the tower
in the X-Z plane, was also identified by the synthesis method.
The antialias filtering of the sensors in each test effectively li-
mits the measurement bandwidth to 185 Hz; thus, the response
above this limit was not fit in either the substructure tests or the
global test.

The experimental testbed results are encouraging given the nu-
merous restrictions posed by experimental design. For example, the
interface stiffness which is critical to the global synthesis is de-
termined strictly from contributions of the identified modes within
the measurement bandwidth. It is well known, however, that stiff-
ness contributions from higher frequency modes may be important,
particularly when shear deformations of the interface dominate the
global mode. An accurate measure of the residual flexibility due to
these modes can only be obtained for measured DOF with respect
to the input location. Because this flexibility is a single sum total
value for each response, it cannot be decomposed and normalized
into modes to reconstruct for other input locations. Furthermore, by
using a single input, repeated modes could not be determined. In
the case of the local modes in the region of 60-100 Hz in the tower
and throughout the 3-bay component it is likely there are numerous
repeated modes that could not be individually characterized from
single-reference FRF data.



ALVIN, PETERSON, AND PARK 1483

- Test Identification

Experimental CMS Synthesis

50 100 150
Frequency, Hz

200 250

Fig. 12 Comparison of inertance FRF singular values.

Conclusions
An experimental component mode synthesis procedure has been

presented that uses identifications of individual components. Then,
through equivalent mass and stiffness representations of the compo-
nents, a global model of the coupled structural dynamics is assem-
bled. The present procedure relies on accurate measurement of the
component interface DOF and driving-point measurements of the
inputs to mass normalize the identified mode shapes of the compo-
nents. The procedure has been illustrated through a numerical ex-
ample and results from an experimental truss structure testbed. The
synthesis correctly determined the first three global modes of the as-
sembled structure, together with rough damping estimates, without
reliance on any pre-existing finite element models. Poorer results
for the localized dynamics indicate that much additional accuracy
can be accrued by improvements in residual stiffness estimation at
the interfaces. We hope to address these new challenges in our future
work.

Appendix A: Construction of Minimal-Order
Substructure Mass and Stiffness Matrices

In this section, we review a method for constructing reduced-order
and minimal-order mass and stiffness matrices6 directly from mea-
sured normal modal parameters that have asymptotic equivalence
to existing finite element model reduction and synthesis methods.
We begin by developing the concept of reduced mass and stiffness
matrices, which are defined with respect to only the sensor DOF.

If we partition the DOF of a large-order structural dynamics model
such as those obtained from finite element discretization into sets m
and/, we have

and a variable reduction operator is given as

"Mm ~Z)m

(Al)

where M, D, K, q, and u are as defined in Eq. (2). Then solving
the static equations where no forces are applied to the qi equations
(BiU = 0), we have

(A2)

(A3)

In component mode synthesis (CMS) theory, <I>C are often termed
the constraint modes, as they represent the displacement vectors of
the internal DOF qt with respect to the constraint modes, defined as
the set of orthogonal unit displacements of the retained degrees of
freedom qm. Applying the transformation in Eq. (A3) to K, D, and
M in Eq. (Al), the so-called Guyan reduced stiffness, damping, and

K = $>T
CK$>C = Kmm - K^K^K^

D = $>T
CD$>C M = $>T

cM<bc
(A4)

Alternately, if we express the physical degrees of freedom q in terms
of the normal modal variables 77, we have the transformation

|>mlr — <J> ri — I if

~ "" UJ
(A5)

where (j>m and <£, are partitions of the mass-normalized eigenvectors
at the measured and unmeasured (i.e., internal) DOF, respectively.
Using Eq. (4) and assuming no rigid-body modes, a solution to the
inverse vibration problem is given by

K =

(A6)

The reduced system matrices given by Eq. (A6) are theoretically
consistent with the Guyan reduction in the limit as the full eigen-
spectrum of Eq. (2) is measured. In addition, they are a function only
of the partition of the mode shapes at the measured locations and,
thus, can be directly calculated from the measured test data. Mod-
ifications are necessary to this procedure in order to accommodate
rigid-body modes; details can be found in Ref. 6.

The determination of minimum-order equivalent mass and stiff-
ness from a test is based on the Craig-Bampton component mode
synthesis method,2 which itself is related to the statically condensed
mass and stiffness of the Guyan reduction. As such, we will use the
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method of determining the Guyan reduction from measured modes
as just reviewed to develop the equivalent minimum-order method.

Starting from^ we can construct minimal-order stiffness and
mass matrices K and M, respectively, from the measured modal
test parameters 4>m and Q as follows. Partition the eigenvectors of
K and M as

<Pres

where

o

(A7)

(A8)

are the Craig-Bampton CMS stiffness and mass matrices, respec-
tively, and the associated mode shapes are normalized such that

(A9)

Here, </>res are the partition of the eigenvectors of K and M relating
a set of augmented variables £ to the normal modal variables of the
global system 77. Although 0res and £2res are unknowns, together they
form a dynamic residual matrix A £2 which can be computed by the
test-measured quantities 0m, £2, and K, viz.,

== £2 — d) d)m £2 d> d)m (AICK)"rm \_T m ' /nj ~m v '

Note that A£2 is a function solely of 0m and £2.
To determine K and M from Eq. (A9), we must augment the

measured mode shapes by a vector basis for the unknown mode
shape partition </>res. The required minimal rank augmentation of (f>m
is determined through the dynamic residual matrix A £2. To find the
rank of £2res and a vector basis for 0res, we utilize a singular value
decomposition (SVD) of AQ, viz.,

PSPT = SVD(Aft) (All)

Examination of the singular values indicates the required dimen-
sion of the augmented coordinates £. For example, with / spatial
measurements, $T

mK$m will typically be of rank /, whereas Q is
rank n, and A £2 is rank n — L Therefore, the SVD should determine
n — I nonzero singular values for A £2. It is possible, however, for the
reduced matrix to exhibit rank deficiency (for example, if flexibil-
ity mode contributions to K are updated to account for rigid-body
modes), and so a rigorous approach examines the singular values of
AQ to determine the correct rank p,

=PPSpP1
p (A12)

Having determined a basis Pp for the augmented coordinates, we
now augment 0m by the rows of Pj which span the singular values
and solve the inverse problem

K 0 - 1 FA,I-*
o *J~kJ

•!-[*• TV *•!J"kJ kJ
M Mt

MT
C Mres

(A13)

Finally, the augmented DOF are orthonormalized by solving the
generalized eigenproblem

(A14)

UTMKSU = I

and performing a final transformation on the mass and stiffness
matrices

-]-[* 0
° n

M -[ M MCU
UTMresU

_ [ M Afc]
-[_MJ / J

(A15)

Thus, in a mathematical sense, [K, M] is an equivalent measure
of the normal mode parameters as observed from physical DOF qm.
Furthermore, this realization is unique from its definition in terms of
the modal parameters of the system. Note also that the definitions of
K and M include as special cases both the modal model [Q, 7] and
the physical model [K, M] in the limits as the number of measured
DOF varies from 0 to n.

Appendix B: Assembly of the Global Structure
from Identified Substructures

As already stated, we utilize the minimal-order mass and stiff-
ness representation of the identified substructures to synthesize the
global structural model. To this end, we begin with Nsub substruc-
ture identifications from which the normal modal parameters are
extracted. To enhance the substructure identification, we utilize a
particularly efficient implementation of the ERA algorithm,15 which
allows for extremely large data sets and thus enhances the ability to
accurately obtain higher order observable modes. Then, utilizing the
procedure in the preceding section, we can construct the minimal-
order stiffness and mass matrices for each substructure. Therefore,
the identified second-order equations of motion for each uncoupled
substructure j is given by

' Mbb

Mli
LM£

Mic

I

Dbb Dbi Dbc

DT
bi Da Dic

Kbb
vT
Kbi

0
0

0') CO

(Bl)

where qb(^ are the physical boundary DOF which are measured for
each substructure, q^) are additional physical DOF for the minimal-
order matrices that are not at the substructure boundary, and f (_/> are
the generalized augmented DOF of the minimal-order substructure
representation which preserve the equivalence of Eq. (Bl) to the
given system realization.

To synthesize the global equations of motion, displacement com-
patibility and equilibrium at the boundary are imposed, viz.,

/ ) = ^ » J = and

which leads to the assembled equations of motion

(B2)

Mbb Mbi Mbc

Ml Mu Mic

MT MT Ibe i c

Kbb Kbi

0 0

J_
+.

Dbb Dbi Dbc
DT

bi Da Dic

qb

ft
o

(B3)



where the matrix partitions are given by
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and the internal displacement and force vectors are defined as

= y Mbb(j) Dbb = / j
y = 7 ; = 7

WSub

Kbb = / Kbb(j)

Mbi =

Mic =

Mii(I} 0
0 M/i(77)

0 0

Mic(n 0
0 M/c(77)

0 0

0
0

fic(N)

(B4)

0 0

Dud) 0

0 Ac(77) - - •

0 0

0

0

0 S

0 0

0 0

£(77)
fi —

fi(II)
(B5)

by solving the generalized undamped eigenvalue problem.
The present procedure is straightforward once the minimal-order

mass and stiffness representations of the individual substructures
have been obtained. The assembly procedure is, in fact, identical
to the displacement-method-based construction of global matrices
in the finite element method, and thus many existing finite element
packages could be extended to allow assembly of test-measured
substructure models, including integration into analytical finite
element models.
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